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ABSTRACT

In this paper, we study the problem of European Option Pricing in a market
with short-selling constraints and transaction costs having a very general form.
We consider two types of proportional costs and a strictly positive fixed cost.
We study the problem within the framework of the theory of stochastic impulse
control. We show that determining the price of a European option involves
calculating the value functions of two stochastic impulse control problems.
We obtain explicit expressions for the quasi-variational inequalities satisfied by
the value functions and derive the solution in the case where the parameters
of the price processes are constants and the investor’s utility function is linear.
We use this result to obtain a price for a call option on the stock and prove that
this price is a nontrivial lower bound on the hedging price of the call option in
the presence of general transaction costs and short-selling constraints. We then
consider the situation where the investor’s utility function has a general form and
characterize the value function as the pointwise limit of an increasing sequence
of solutions to associated optimal stopping problems. We thereby devise a
numerical procedure to calculate the option price in this general setting and
implement the procedure to calculate the option price for the class of exponential
utility functions. Finally, we carry out a qualitative investigation of the option
prices for exponential and linear-power utility functions.
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1. INTRODUCTION

Option pricing has been extensively studied in the mathematical finance lit-
erature since the publication of the Black-Scholes formula in 1973. The analysis
of Black and Scholes however assumes a perfect market with frictionless trading.
These assumptions are clearly idealizations. More recently, several authors have
studied the problem of option pricing in the presence of market imperfections such
as transaction costs and trading restrictions.The vast literature on the subject can
be broadly classified as follows.

There is one group of papers (e.g. Leland [18], Boyle and Vorst[5]) that deals
with the problem of hedging call and put options in the presence of proportional
transaction costs, but the strategies considered in these models are not chosen to
satisfy some optimality criteria that investors may wish to meet. The optimality
criterion for this problem can be defined in terms of expected utility, i.e. the chosen
hedging strategy should maximize the expected utility of the difference between the
realized cash flow and the desired one at maturity. These so-called preference-based
models have been discussed extensively in Hodges and Neuberger [13], Dumas and
Luciano [9], Davis and Norman [7], Davis, Panas and Zariphopoulou [8], Magill
and Constantinides [19] and the references cited therein. The above papers deal with
the problem of option pricing in the presence of proportional transaction costs, but
in the absence of trading restrictions such as short-selling constraints.

Another group of papers deals with the so-called minimum cost of super-
replication approach where the criterion is to minimize the cost of super-replicating
the contingent claim in the presence of transaction costs and trading restrictions.
As is shown in Section 3 of this paper this approach is, in fact, equivalent to
the preference-based approach if the utility function is chosen to have a specific
form. Some of the papers in this category are those by Dumas and Luciano [9],
Avellaneda and Paras [1], Jouini and Kallal [ 14], Cvitanic and Karatzas [6], Whalley
and Wilmott [23], Edirisinghe, Naik and Uppal [11], among others. The paper by
Edirisinghe et al. [11] considers the problem of option pricing in the presence of
proportional and fixed transaction costs and trading restrictions, i.e. the problem
considered in the present paper, but the setting is entirely discrete, i.e. there is a
pre-specified set of trading dates where the investor can trade and the underlying
stock price process is assumed to be a binomial random walk.

There is another group of papers that have considered the problem of portfolio
optimization in the presence of fixed transaction costs. Some of the relevant papers
in this area are Eastham and Hastings [10], Hastings [12], Mohamed [20], Korn
[16], Bielecki and Pliska [4] and the references cited therein.

The recent book by Karatzas and Shreve [15] contains a detailed exposition
of many of the above topics and also provides an extensive list of references to the
substantial literature on portfolio optimization and option pricing in the presence
of market imperfections.

The present paper extends the existing literature on option pricing in the pres-
ence of market imperfections in several ways. It considers, for the first time, the
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problem of option pricing in the presence of general transaction costs, i.e. propor-
tional as well as fixed costs and short-selling constraints in a general continuous-
time setting. This problem is very important and relevant in the realistic setting of
actual financial markets where transaction costs and trading restrictions are signif-
icant. Indeed, in volatile financial markets like the present one, a large number of
stocks, especially volatile technology stocks, become difficult and even impossible
to sell short (i.e. borrow) and there are significant transaction costs associated with
trading in these stocks for individual investors and even for market makers. The
Black-Scholes prices for options on these stocks, i.e. the values assuming that there
are no transaction costs and trading restrictions, are therefore no longer reliable.
In markets such as these, it is therefore imperative to consider the problem of op-
tion pricing in the presence of market imperfections such as transaction costs and
short-selling constraints to obtain reliable estimates for option prices.

The paper relates the problem of pricing options in the presence of general
transaction costs and short-selling constraints to an associated pair of stochastic
impulse control problems. The general problem of impulse control has been thor-
oughly investigated in the mathematical literature. (see Bensoussan [2],
Bensoussan and Lions [3] and the references cited therein). Eastham and
Hastings [10] and Hastings [12] provided one of the first rigorous adaptations
of the theory to the problem of optimal impulse control of portfolios. Some of
the other relevant papers where impulse control techniques have been applied to
problems of this type are Korn [16], Bielecki and Pliska [4] and the references
cited therein. This paper, for the first time, applies the theory of stochastic impulse
control to the problem of option pricing in the presence of general transaction costs.
After proving a set of verification theorems for the existence of optimal solutions
to the impulse control problems, the paper carries out an explicit analysis of the
option pricing problem when the utility function is linear and proves the existence
of optimal policies and provides an explicit characterization of them. This analysis
culminates in the design of a numerical procedure to calculate the price of a euro-
pean option on the stock which is then compared with the Black-Scholes price. The
paper then considers the situation where the investor’s utility function is general
and proves an approximation theorem for the existence of the value function. This
is used to provide a qualitative characterization of the option price corresponding
to an exponential and a linear-power utility function.

The analysis of the present paper is related to the paper by Davis, Panas and
Zariphopoulou [8] from an economic standpoint in that the preference-based model
used by them is employed here. Their paper, however dealt with the problem of
option pricing in the presence of proportional transaction costs and related it to the
methodology of singular stochastic control as opposed to the stochastic impulse
control methodology of the present paper. From a mathematical standpoint, the
paper is closely related to the papers by Eastham and Hastings [10], Hastings [12],
Korn [16] and Bielecki and Pliska [4] in the impulse control methodology adopted.
The problem that the present paper considers is, however, significantly different
from the ones considered in the aforementioned papers.
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The outline of the paper is as follows.

In Section 2, we provide a rigorous introduction to the problem of option
pricing and define the price of a European option in terms of the value functions of
two stochastic optimization problems. As in Davis etal. [8], we define the replicating
portfolio for a European option and prove that when the space of admissible trading
strategies is linear, the price of the option is the initial endowment associated with
the replicating portfolio and therefore reduces to the Black-Scholes price. We also
present, for the first time, a generalized definition of the option price applicable to
general utility functions which reduces to the Black-Scholes price in frictionless
markets and provides a suitable modification of the Black-Scholes price in the
presence of market frictions.

In Section 3, we carry out a detailed investigation of the situation with general
transaction costs and short-selling constraints and show that it suffices to restrict
the admissible trading strategies to those involving only a finite number of trans-
actions over the time horizon with probability one. We thereby demonstrate the
correspondence between the optimization problem introduced in Section 2 and a
stochastic impulse control problem. We also prove verification theorems for the
existence of optimal policies under fairly general conditions on the price processes
and transaction costs structure.

In Section 4, we consider a market where the drifts and volatilities of the bond
and stock are constants as in the Black-Scholes market, the transaction costs are
a combination of proportional and fixed costs, there are short-selling constraints
on the bond and stock, and the investor’s utility function is linear. We explic-
itly prove the intuitive result that the optimal trading policy for the investor in-
volves at most one intermediate transaction over the time horizon. Using these
results, we implement the Crank-Nicolson finite-difference scheme to numeri-
cally solve the quasi-variational inequalities associated with the impulse control
problem to obtain the price of a call option on the stock and compare it with the
Black-Scholes price to illustrate the effects of transaction costs and short-selling
constraints.

In Section 5, we discuss the situation where the investor’s utility function
has a general form and prove that the value function is the pointwise limit of
an increasing sequence of value functions of associated optimal stopping
problems. This result is reminiscent of the traditional technique in the theory
of stochastic impulse control of “iterating upon the obstacle” (see Bensoussan
and Lions [3]) but those results cannot be directly applied in our setting since
the value functions we encounter do not satisfy the regularity hypotheses required
there.

This enables us to devise a numerical approximation procedure to solve the
impulse control problem in this general setting and thereby obtain the price of
the option. We also carry out a qualitative investigation of the option price in the
presence of exponential and linear-power utility functions.

Section 6 concludes the paper.
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2. OPTION PRICING
2.1. Option Pricing as a Utility Maximization Problem

In this section, we adapt the ideas of Davis et al. [8] to our setting and give a
definition of the option price in terms of a utility maximization problem. In order
to facilitate comparison with their definitions and results, we retain their notation
whenever possible.

P=(Py, Pi,..., P,) is a vector-valued stochastic process describing the
prices of a risk-free asset or bond P, and  risky assets or stocks. These are defined
on a probability space (€2, F, Q) and a time interval [0, T']. The right continuous
complete and augmented filtration F; of the probability space is generated by the
price process P(t). We shall define a price at time zero for a European option with
exercise time 7 on one of the stocks, say Pj(¢).

Let I'(Sp) denote the set of admissible trading strategies for an investor who
starts with Sy shares of the risk-free asset and no shares in stocks. At this stage, we
assume that the notion of admissibility has been defined unambiguously. We shall
later give a precise definition of an admissible trading strategy in the context of the
specific problem we are considering.

At any time ¢, the value of the investor’s portfolio is given by

Vi =S8(0).P@),

where S(#) is the vector-valued “share” process. If the investor carries out a trans-
action at time ¢ € [0, T'), then

Vie = S@0).P(t) — W(P(), S(1), S'(1) — B,

where 8 > 0 and S'(7) is the share process after the transaction. At this stage, we
assume that W is a continuous, nonnegative function of its arguments.

Thus, 8 + W(P(¢), S(¢), S'(t)) represents the total transaction cost accompa-
nying the transaction.

In this paper, we shall make the following important assumption about the
nature of the market.

Assumption: Transaction costs are incurred before carrying out a transaction and
only accompany a rebalancing of the portfolio. Since the portfolio is liquidated at
the terminal date 7', no transaction costs are incurred then.

We assume that the European option on the stock P;(¢) is given by a nonneg-
ative continuous payoff function n(P;(T)). The option writer forms a portfolio to
hedge the option and liquidates it at time 7". Thus, the value of the writer’s portfolio
after he has met his liabilities is P.S(T) — n(P(T)).

A call option on the stock P;(¢) is the right to buy one share at time 7 at a price
E . The option writer forms a portfolio to hedge the option and liquidates it at time 7'.
If P, < E the option is not exercised and the cash value of the portfolio is P.S(T').
If P, > E, the buyer pays the writer E in cash, and the writer gives one share
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to the buyer. The cash value of the portfolio is therefore S(¢).P(¢) + E — Py(T).
Therefore, in this case,

n(P(T)) = Ipy-~e(P(T) — E)

LetU : R — R bethe writer’s utility function which is concave and increasing
where R = R U {—0o0, 00} is the extended real line. We assume that U (0) = 0 and
we also assume throughout the paper that

E[|U(=n(P(T))I] < oo.

i.e. we will only consider utility functions U and payoff functions 7(-) satisfying
the above inequality.
Just as in Davis et al. [8], we can define the following value functions:

Vw(So) = Slrl(pS)E[U((P-S"(T) —n(P(T)))] 2.1
and
Vi(So) = sup E[U(P.S™(T)], (2.2)
7el(So)

where I'(Sp) is the set of all admissible trading strategies with initial endowment
So and 7 is an admissible trading strategy. V,,(Sp) is the maximum utility available
to the writer if he writes the option and V;(Sy) is the maximum utility if he enters
the market with an initial endowment of S, shares of the risk-free asset and does
not write the option. Let

pw = Inf{Sp : Viy(So) = 0},
and
p1 = inf{Sy : V1(Sp) > 0}.
Just as in Davis et al. [8], we can define the price of the option as
Py = py — p1.

A replicating portfolio for the option contract is an element 7y € I'(Sp) (if it
exists) and an initial endowment Sy such that P.S(T) = n(P(T)), where we do not
want to have any excess cash remaining at time 7.

The following proposition is exactly analogous to Theorem 1 in Davis etal. [8].

Proposition 2.1. Suppose I is a linear space, i.e. m1 € ['(S1), 1, € T'(S,) =
w4+ m € I'(S) + $2) and V,, (S) and Vi(S) are both continuous and strictly in-
creasing functions of S. Then p,, = Sy if a replicating portfolio wy € T'(Sp) exists.

Proof. Exactly as in Davis et al. [8].

Just as in the paper by Davis et al. [8], we see that the Black-Scholes model
satisfies the conditions of Proposition 2.1. Therefore, in the absence of transaction
costs and constraints and for a utility function satisfying the conditions of the
proposition, the price of a European option reduces to the Black-Scholes price.



EUROPEAN OPTION PRICING 221
2.2. Generalized Definition of the Option Price

An important assumption underlying the preceding definition of the option
price is that the relevant portfolio optimization problems must have unique, well-
defined solutions. This assumption is somewhat restrictive since we cannot define
the option price for more general utility functions. In this subsection, we shall gen-
eralize the definition in order to be able to consider more general utility functions.

Let U : R — R be a utility function that is concave and increasing with
U(0) = 0. The reader may recall that we have assumed that

E[JU(=n(Pi(T)))]] < oo.

Let I'(p, s, t) be the set of admissible trading strategies available to the investor
in the absence of transaction costs and constraints where we again assume that the
notion of admissibility has been defined unambiguously. If

sup  Ep s, UPS(T)) = u(p,s,t) < ooVp,s,t, (2.3)
wel(p,s,t)
and
sup  Eps UP.S(T) —n(Pi(T))) = v(p,s, 1) < ooVp, s,t, (2.4)
wel(p,s,t)

then it is easy to see that the above problems have well-defined solutions for the
set I'" of trading strategies with transaction costs and constraints, so that the option
price can be uniquely defined using the definitions in the preceding subsection.

In particular, we note that if the utility function U(-) is bounded above, (2.3)
and (2.4) have unique, well-defined solutions and the option price can therefore be
unambiguously defined. An example of such a utility function is the exponential
function

Ux)=1—-exp(—yx), for0 <y < oo.
For a general utility function U (-) with U(x) < oo for x € R define
VM(x) = U(x)1x<M + U(M)lsz

For each M > 0, Vy,(.) is clearly concave, increasing with V;;(0) = 0. Since Vj;(.)
is bounded above for each M > 0, the problems (2.3) and (2.4) have unique well-
defined solutions and therefore the option price py, in the presence of transaction
costs and constraints can be unambiguously defined. We define the option price for
the utility function U(-) as follows :

p = limy o py if it exists.

In particular, we note that if the conditions of Proposition 2.1 are satisfied
each py, is the Black-Scholes price for the option so that the price p is also the
Black-Scholes price. Thus, our definition of the option price for the more general
utility function U (-) is a valid generalization of the Black-Scholes price. The mo-
tivation for the regularization procedure employed in the above definition is the
realization that the option price essentially depends on the behavior of the utility
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function in a neighborhood of the origin. (see Davis et al. [8]). Further, the result
of the following proposition essentially implies that if the option price is defined
in this generalized sense, then the option prices in the presence of market frictions
reduce to the Black-Scholes price when the frictions are removed.

The following proposition proves that the generalized definition of the option
price is consistent with the original definition, i.e. if U is a utility function for which
(2.3) and (2.4) have unique well-defined solutions for a given set of admissible
trading strategies I (which may include market frictions in general) then the two
definitions of the option price coincide.

Proposition 2.2. Let U be a utility function for which (2.3) and (2.4) have unique,
well-defined solutions with respect to a set of admissible trading strategies I'. Let
U, be a sequence of utility functions that increases pointwise to U. Suppose further
that the value functions Vi, Vi, Vi, Vun corresponding to U and U, respectively
are continuous and strictly increasing. Let p < oo and p, < 00 be the option prices
associated with U and U, respectively. Then

lim, .00 pn = p

Proof: Firstly, we note that since U,(x) < U(x) for all x, (2.3) and (2.4) have
unique well-defined solutions for each U, and therefore the option prices p,, exist.
Let
Vi(So) = sup E[UP.S™())],
7el(So)
Via(So) = sup E[U,(P.S™(T))],
wel(So)
Vu(So) = sup E[UMP.S™(T)— n(P(T)],
wel'(So)
Vun(So) = sup E[U,(P.S™(T) — n(P(T))],
wel'(So)
By hypothesis, all the functions above are continuous and strictly increasing.
We shall first prove that

nlinolo Vin(So) = Vi(So)
lim V,,,(So) = Vi (So).

Since U,, 1 U, we see that

lim Vy,(So) =sup sup E[U,(P.S™(T))]
n—oo n mgel(Sy)
= Ssup sup E[Un(PSn(T))]
wel'(So) n
= sup lim E[U,(P.S™(T))]

mel(Sp) ">
= sup E[U®P.S™(T))]
7el(So)
by the monotone convergence theorem. The proof for the other case follows in a
similar fashion if we use the dominated convergence theorem and the assumption
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that E[|U(—n(P1(T)))|]] < oo and E[|U,(—n(P1(T)))|] < oo. Therefore Vi, 1 V;
pointwise and V,,, 1 V,, pointwise. Let

p1 = inf{Sp : V1(Sp) = 0},
p1n = Inf{Sp : V1,(Sp) > 0}.

It suffices to prove that lim,_  p1, = p1. The proof for the other case is
similar.

Firstly, we observe that since Vi, 1 Vi, p1, > p; for all n and S, decreases
with n. Let lim,,_, o p1, = pj > p1. We need to show that pj = p;.

Note: p} exist since p; < 0o by assumption.

Consider any p > S;. Since V] is strictly increasing by hypothesis, Vi(p) > 0.
Since Vi, 1 Vi, there exists N < oo such that Vy,(p) > 0 for n > N. Since V,
are continuous and strictly increasing, it follows that § > p;, forn > N. Therefore
S > pi. Since S is arbitrary, it follows that p{ = p;. This completes the proof.

Comments: The reader will correctly observe that there are several different
generalized definitions of the option price possible depending on the choice of the
sequence of “approximating” bounded utility functions corresponding to a given
utility function U. However, we have seen that in frictionless markets all these
generalized definitions reduce to the Black-Scholes price. The result of the above
proposition implies that if the utility function U satisfies (2.3) and (2.4) for a given
set of admissible trading strategies [' (which may include market frictions in gen-
eral), the generalized definition of the option price coincides with the original one
for any suitable “approximating” sequence of utility functions that are bounded
above. The purpose of our generalized definition is to provide a suitable regular-
ization of the original definition for a utility function U for which solutions to
the optimization problems do not exist, and which reduces to the Black-Scholes
price when market frictions are eliminated. For a given set of admissible trading
strategies I', we will only consider utility functions for which (2.3) and (2.4) have
solutions, so that the option price is well-defined in the sense of Davis et al. [8].

3. THE MODEL

In this section, we shall introduce a model to price a European option in the
presence of general transaction costs and short-selling constraints. For the sake of
simplicity of exposition, we assume a financial market with one bond and one stock.

3.1. Price Processes for the Bond and Stock

If P = (Py, Py)is the vector-valued price process for the bond and stock, then
we assume that

dPy(r) = po(Po(r), rydr,
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with Py(t) = po > O fort € [0, T] and po(-) > 0.
dP\(r) = p1(Pi(r), r)dr + o (P(r), r)dW(r).

The initial condition is given by Pi(¢) = p; > Ofort € [0, T]. The functions
Ko, 11, o are all assumed to be uniformly bounded, deterministic functions of their
arguments. Under the above conditions, the stock price is a diffusion process.

3.2. The Admissible Trading Strategies

The admissible trading strategies for the option writer can be described as
follows. Atany time ¢ € [0, T'), the investor holds a portfolio of shares of each asset
represented by the vector S(r) € R?. He intervenes at various instants to rebalance
his portfolio and at each time of intervention, he pays a transaction cost so that the
value of his portfolio satisfies:

P.S'(t) = P.S(t) — W(P(), S(2), S'(1)) — B,

where 7 € [0, T') is a time at which he intervenes or trades and S and S’ are the
initial and final share vectors respectively.

The function W(P(¢), S(¢), S'(¢)) represents the transaction costs accompa-
nying the transaction. At this stage, this function is assumed to be a continuous,
nonnegative function of its arguments. In the next section, we shall choose the
function W to be the sum of the proportional and fixed transaction costs described
in the introduction. At the final time 7 he dissolves his portfolio and consumes it
with no transaction costs.

We assume that there are short-selling constraints on the bond and the stock.
In this paper, we assume that S(¢) € Ri. The results of the paper can be extended
to the situation when the number of shares that can be sold short is nonzero but
bounded.

Following the notation of Eastham and Hastings [10], let B = Ri. The feasible
set K(P, S) corresponding to the price vector P and share vector S is given by

K®P,S)={S eB:PS =PS—¥(@P,8S,8S)— 8}

Let K= {(P,S) : K(P,S) # @}. From the above definitions, it is clear that
K is a closed set.

Note: It is important to observe that the admissible trading strategies include
those strategies involving continuous trading in [0, T']. Therefore, in the absence
of transaction costs and short-selling constraints, a replicating portfolio for the
option exists by the martingale representation theorem. The result of Proposition
2.1 holds for a utility function satisfying the conditions of the proposition and
also for a more general utility function by using the generalized definition of the
option price given in section 2.2. In a subsequent subsection, we shall prove that in
the presence of fixed transaction costs and short-selling constraints, the admissible
trading strategies cannot involve an infinite number of transactions in [0, T'].
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3.3. The Impulse Control Problem

From the model and the definitions introduced in the previous section, we
shall see that the investor’s optimization problem is an impulse control problem
(Bensoussan and Lions [3], Eastham and Hastings [10]).

An impulse control v = {(0;, Si)} is a sequence such that (6;) is an increasing
sequence of stopping times and (S;) is a sequence of R>-valued random variables
such that Sy € F,, where F; is the complete, right continuous filtration on the
underlying probability space. If X is the joint price-share process (P, S), the impulse
control v is called admissible if

6 is a stopping time of F,
O < 9]<+1 for any k,
P[lim 6, < T] =0,

k— 00
St € K(P(Ok), Sk-1),
Sk € F@k.

If U is the investor’s utility function, then we can define the value of the
admissible impulse control v by

J(p.s.t,v) = Eps:[U(Cr)], 3.1

where Cr € R is the consumption at the terminal date 7, P(¢) = p and S(¢) = s.
The above expression represents the expected utility of consumption at the terminal
date when the investor starts out at time ¢ with the price process P(f) = p and the
share process S(#) = s and follows a trading strategy defined by the impulse control
policy v.

In our situation,

Cr =P(T).8(T),
in the calculation of V;(-) and

Cr =P(T).S(T) — n(P(T)),
in the calculation of V,,(-).
Note: In the problem considered in this paper, there is consumption only at the
terminal time 7 in contrast with the portfolio selection problem studied by Eastham
and Hastings [10] and Hastings [12].

Further, the “consumption” at the terminal date could be negative in the cal-
culation of V,, due to the nonnegative option payoff n(P;(7)).

The impulse control problem reduces to finding an admissible control v* such
that

J(p,s,t,v*) > J(p,s, t,v) foreach p € R?.s € B, v admissible.
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The following proposition proves that if the utility function U is such that
(2.3) and (2.4) have unique, well-defined solutions with respect to the set I" of ad-
missible trading strategies with short-selling prohibitions but no transaction costs,
then the admissible trading strategies in the presence of strictly positive transaction
costs can only involve a finite number of transactions almost surely over the time
horizon.

Proposition 3.1.  [f the investor’s utility function U (-) is such that (2.3) and (2.4)
have unique, well-defined solutions with respect to the set of admissible trading
strategies with short-selling prohibitions but no transaction costs then the admis-
sible trading strategies in the presence of strictly positive transaction costs in
addition to short-selling prohibitions involve only a finite number of transactions
almost surely in [0, T].

Proof: It suffices for us to consider the problem of maximizing
J(p,s, 1, V)Ep o [UPT).S(T))],

over all admissible trading strategies v. The problem for the other value function can
be handled in a similar fashion using the assumption that E[|U(—n(P1(T)))|] < oo.

In the absence of transaction costs, the optimization problem above has a
finite solution u(p, s, t) by assumption. Since J(p, S, ¢, v) is the value function in
the presence of transaction costs,

J(P,s, t,v) <u(p,s,t) < oovp,s,t, .

Suppose v* is an admissible trading strategy in the presence of short-selling pro-
hibitions and strictly positive transaction costs. We need to prove that v* cannot
involve an infinite number of transactions in [0, 7'] with positive probability.

For each w € @, v*(w) is a set of trading times. Let

D ={w e Q, cardv*(w)) = o0}.

We need to show that P(D) = 0. Suppose, to the contrary, that P(D) > 0.
Let

F={weQ:P(T,w)S(T, w) < o).

for the policy v* and in the absence of transaction costs where S(.) is the share
process for the policy v* assuming no transaction costs. Clearly, P(F) = 1, since
the price process P is almost surely finite and the investor cannot hold an infinite
number of shares and the optimization problem in the absence of transaction costs
is assumed to have a solution.

Therefore P(D N F) = P(D) > 0. Since each transaction is accompanied by
the strictly positive transaction cost, at any transaction instant ¢,

P(tn)'s(tn) = P(tn)-s(tn) - IB
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Therefore, it is easy to see that on the set D N F,
P(T, w).S(T, w) = —o0.

where S(-). is the terminal share process in the presence of transaction costs.
But this contradicts the fact that P(T, 0).S(T, w) > 0.

This contradiction implies that P(D N F) = P(D) = 0 and the assertion of
the proposition is proved.

Note: The linear utility function U (X) = x satisfies the conditions of the above
proposition when the market coefficients (g, (1, o are uniformly bounded above
and below away from zero. In the presence of short-selling constraints, (2.3) and
(2.4) have unique, well-defined solutions for this utility function.

For a general utility function, we can use the generalized definition of the
option price presented in section 2.2 to restrict consideration to utility functions
satisfying the conditions of the above proposition. It therefore suffices for us to
restrict the space of admissible trading strategies to those involving only a finite
number of transactions almost surely in [0, 7]

We therefore see that the admissible impulse controls correspond to the admis-
sible trading strategies available to the investor since an admissible trading strategy
is a monotonic increasing sequence of trading instants {6,} which are stopping
times of the filtration, and an associated sequence of share vectors {S,} which
represent the holdings of the investor at the respective instants 6,,.

By definition, the option price is expressed in terms of the functions V,, and V
introduced in equations (2.1) and (2.2). Both V,, and V) are solutions of optimiza-
tion problems over the set of admissible trading strategies which, in our case, is the
set of admissible impulse controls. From equations (2.1) and (2.2), it is clear that
the function to be optimized in either case has exactly the same form as in equation
(3.1) with the consumption C7 being the argument of the utility function U(-) in
either case. Therefore, the impulse control problem is precisely the optimization
problem we need to solve in order to determine the price of the option. In the next
subsection, we shall introduce the quasi-variational inequalities that describe the
solution of the impulse control problem and characterize the value function.

Note: It is important to realize that the result of Proposition 3.1 relies heavily on
the fact that 8 > 0, i.e. transaction costs are strictly positive.

3.4. The Optimal Impulse Control Policy

We shall now introduce the quasi-variational inequalities satisfied by a suf-
ficiently regular solution of the impulse control problem. Let u = u(p, s, r) be
a continuous real-valued function on Ri x B x R4 with continuous first partial
derivatives in r and continuous second partial derivatives in p. We define the operator

Lu(p, s, r) = u,(p, s, r) + Vu(p, s, r).u(p, r) + (1/2)a*u;(p, s, 1),
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The subscripts denote partial derivatives with respect to p; and V denotes the
gradient operator with respect to p.
We also define the operator

Mu(p,s,r) = sup u(p,s,r).
s'eK(p,s)

If K(p, s) = @, we define Mu(p, s, r) = —o0.

We note that the operator M is well defined since for each (p, s) € K, K(p, s)
is compact and non-empty. Further, using arguments similar to those in Eastham and
Hastings [10], it can be shown that K is upper semicontinuous as a multifunction.
Since u is continuous and B is locally compact, a measurable selection theorem
due to Schael [21] tells us that there exists a Borel measurable function ¢ : K x
[0, T] — B such that

¢(p.s.r) € K(p,s),

and

Mu(p, s, r) = u(p, (p, S, r), r),

for all (p, s, r) € Ri x B x [0, T).

Let C be the space of continuous, real-valued functions on Ri x B x R, with
continuous first partial derivatives in r, continuous second partial derivatives in p
and satisfying Dynkin’s formula, i.e.

T
Ey s u(p(t),s(t), 7) = u(p, s, 1) + Ep,s,t/ Lu(p, s, r)dr.
t

Suppose there exists # € C such that
u>Mu,Lu <0,

(u — Mu)Lu = 0,

u(p,s, T) =U(Cr(p, s)),

where
Cr(p.s) =p.s,

in the calculation of V; and
Cr(p,s) =ps — n(Pi(T)),

in the calculation of V,,.
We can define the continuation set C = {u > Mu} and the action set A = C°¢.
We can construct the control policy generated by u as follows.
Using the notation of Eastham and Hastings [10] the initial data is (p, s, t) we
set 85 =t and S;j = s. Define

6F =inf{r > 6}, : (P(r),St_,.r) € A},
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where 6 = oo if the process does not enter A before 7'.
SZ = (p(P(elj)v Sz_lv r)-

By the upper semicontinuity of Mu and the continuity of u, it is easy to see
that A is a closed set. Therefore, 6, is a stopping time for each k. By the continuity
of the price process, P(6)), S;_,, 0;") € A and S} is well-defined.

The following propositions provide an important characterization of a suffi-
ciently regular solution of the quasi-variational inequalities.

Proposition 3.2. u is the minimum element of the set of functions v € C satisfying

v>Mu,Lv <0,
v(pa S, T) - U(CT(pa S, T))

where U is a continuous function.

Proof: Since u is continuous and Mu is upper semicontinuous, the continuation
setC = {u > Mu}isanopenset. Letv € C be asin the statement of the proposition.
Clearly, v > Mu implies that v > u on C¢. It remains to show that v > u on the
set C.

Suppose we assume the contrary, i.e. there exists (p, s, 7) € B x [0, T) such
that u(p, s, r) > v(p, s, r). Since Lu = 0 on u > Mu and Lv < 0, it follows that
L(u —v) > 0on {u > Mu}.

Define t = inf{t > r : u(p(t), s(¢), t) = v(p(¢), s(¢), t)} with p(r) = p and
s(r) = s(t) = s. Since u(p, s, T) = v(p, s, T), clearly T < T. Further t is a stop-
ping time since u and v are continuous functions and therefore {# > v} is an open
set. Applying Dynkin’s formula to u — v, we see that

E, (4 — )(T) = (4 — v)(r) + E, f "L(u — v)(s)ds

r

where the other arguments of u — v have been suppressed. By the definition of
7, and the fact that (u — v)(r) > 0, it follows that we must have L(uz — v)(s) < 0
for some s € [r, 7). Therefore, Lv(s) > 0 which contradicts the assumptions on v
Hence, v > u on C. This completes the proof.

Note: Inthe context of the problem we are considering, we shall use the following
proposition.

Proposition 3.3. Suppose u € C is a sufficiently regular solution of the quasi-
variational inequalities giving rise to an admissible control policy. Let v be a
continuous function satisfying where t1, T, < T are stopping times. Then v > u. If
u' is the value function of any admissible control policy, then v > u'.

Proof: The proof is along the same lines as the proof of the first part of Theorem
3.2 in Eastham and Hastings [10]
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Proposition 3.4. Suppose u is a sufficiently regular solution of the quasi-

variational inequalities giving rise to an admissible control v* = {(0}, S})}. Also
suppose that u satisfies Dynkin’s formula, i.e.

O

E[u(p(eli): Sk—l’ 9]2) - M(P(9]:7] ’ Sk—lv 9]27])] = E / LM(P(F)’ Sk—lv r)drv

!’
Ot

where v = {(6, Sx)} is any admissible impulse control and 6, = 6 A T. Then v*
is an optimal impulse control.

Proof: The proof of this proposition follows exactly along the lines of the proof
of Theorem 3.2 in Eastham and Hastings [10]

3.5. Relationship Between the Option Price and the Hedging Price

Let I be the space of all trading strategies assuming the presence of short-
selling prohibitions but no transaction costs. The results obtained thus far tell us that
the price of a European option is well-defined(in the sense of Davis et al. [8]) for
any utility function U for which (2.3) and (2.4) have unique, well-defined solutions
relative to I'. In particular, we note that the linear utility function U (x) = x satisfies
this condition.

If T’ is the space of admissible trading strategies with transaction costs and
short-selling prohibitions, then clearly a utility function satisfying (2.3) and (2.4)
with respect to T" satisfies (2.3) and (2.4) with respect to I'". We can therefore
define(in the sense of Davis et al. [8]) the price p of a European contingent claim
represented by the strictly nonnegative time 7 payoff n(7T) in the presence of
transaction costs and short-selling constraints for an investor with the utility function
U. Further, the result of Proposition 2.2 implies that this definition coincides with
the generalized definition we have introduced in the previous section.

The hedging price py, of a European contingent claim with nonnegative time
T payoft is defined as follows:

pn = inf{Sy : v € I'(S); WX(T) > n(T)a.s.}

where T'/(Sp) is the space of all trading strategies in the presence of short-selling
constraints and transaction costs starting out with Sy shares of the risk-free asset.
Define

Ux)=U(x),x >0,

U(x) = —o00,x < 0.

Since U(x) < U(x), (2.3) and (2.4) have unique, well-defined solutions_rela—
tive to I'’. Therefore, the option price p; corresponding to the utility function U and

in the presence of transaction costs and short-selling prohibitions is well-defined.
(It could be equal to infinity).
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Proposition 3.5. Let pj be the price of the European option corresponding to
the utility function U and in the presence of transaction costs and short-selling
prohibitions. Then pg = py where py, is the hedging price of the option.

Proof: In the notation of section 2 it is easy to see that
S = inf{Sy : V1(Sp) > 0} = 0.
Sw = inf{Sy : V3, (Sp) = 0},

where

Viy(So) = S;l% : E[U®P.S(T) — n(Pi(T))]

From the definition of U, it is easy to see that V,,(Sg) = —oo unless P.S(T) >
n(Py(T)) a.s. in which case V,,(Sp) > 0. It follows easily that

Po = Sw— 81 = Sw = pn.
This completes the proof.

Proposition 3.6. Let py be the price of the European option corresponding to U.
Then py < pg = pn- Thus, the option price corresponding to the utility function
U in the presence of short-selling prohibitions and transaction costs provides a
nontrivial lower bound on the hedging price of the option.

Proof: By definition,
pu = inf{So : V;,(So) = 0},

where
Vw(So) = SU%)E[U(P-S(T) —n(P(T)))]
mel’(Sy
> sup E[U®P.S(T)—n(Pi(T)))]
wel(Sy)

Since py = inf{Sy : V,,(Sy) = 0} where V,,(Sp) is the supremum on the right
hand side above, we see that py < pg. This completes the proof.

Note: Inparticular, we note that the linear utility function U (x) = x satisfies (2.3)
and (2.4) with respect to the space I" of admissible trading strategies in the presence
of short-selling prohibitions but no transaction costs and therefore with respect to
the space I'’ of trading strategies with transaction costs in addition to short-selling
prohibitions. The results obtained thus far imply that the option price for the linear
utility function in the presence of transaction costs and short-selling prohibitions
can be defined in the sense of Davis et al. [8] and this definition coincides with the
generalized definition introduced in section 2.

The result of Proposition 2.2 tells us that if U, is any increasing sequence
of utility functions converging pointwise to U satisfying the conditions of the
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proposition then

lim py, = py

n—oo

In general, the option price for the linear utility function provides a nontrivial
lower bound on the option prices (in the presence of transaction costs and short-
selling constraints) corresponding to all utility functions bounded above by the
linear utility function. In the next section, we shall carry out an explicit calculation
of py by solving the associated stochastic impulse control problem.

Note: The optimization problem we consider differs from the ones studied by
Hastings [12] and Eastham and Hastings [10] in the fact that there is consump-
tion only at the terminal date and also in the general transaction cost structure
investigated.

4. EUROPEAN OPTION PRICE FOR THE LINEAR UTILITY
FUNCTION

In this section, we shall use the results of the previous section to calculate
the price of a European option for an investor with a linear utility function in the
situation where the parameters of the bond and stock price processes are constants
and the transaction costs are a combination of proportional and fixed costs and there
are short-selling prohibitions on the bond and the stock. We shall then compare the
price of the option with the Black-Scholes price and thus demonstrate the effect of
transaction costs.

4.1. Price Processes for the Bond and Stock

The price processes for the bond and stock are given by
dPy(1) = poPo(t)dt,
dP\(t) = u Pi(t)dt + o Pi(t)dW (1),

We assume throughout that pt; > g > 0.
The partial differential operator associated with the optimal impulse control
policy is given by

Lu = u; + popoupo + mi1prupr + (1/2)0217%”171101-

In this section, we shall assume that the investor has the utility function U (x) =
x. We assume that the transaction costs have the following form

U(p,s,s)+ B =1 —a)ps|+rlpi(si —sDI + Aol po(so — sp)| + B
where 0 <a <1,0<A, 2 < 1,8 >0.
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In the notation of the previous section, we have
B= Ri
and
K(p,s)={s' e B:ps./=ps— ¥(p,s,s)},
K ={(p,s): K(p.s) # 9}
We recall that

Mu(p,s,t) = sup u(p,s,t)if K(p,s) #Q
s'eK(p,s)

=—o00 if K(p,s)=0a.

4.2. The Impulse Control Problems

By the results of previous sections, the value functions V,,(-) and V;(-) are the
solutions of the following problems:

Vi(So) = sup E[P.S(T)],
wel(So)

Vi(So) = sup E[P.S(T) — n(P(T))].
7El(So)

If we set

§ = E[n(P(T))],

then, since the value of ¢ is independent of the trading strategy of the investor, we
see that

Vi (So) = Vi(Sp) — 6.
Therefore,

S1 = 1inf{Sp : Vi(So) > 0},
Sy = 1inf{So : Vi(So) > n}.

Thus, we only need to calculate V(-).

4.3. Calculation of V{(Sy)

In this subsection, we shall calculate the value function V;(Sy). We shall prove
that the optimal impulse control policy involves at most one intermediate transaction
in [0.T).

In the process, we shall provide an explicit characterization of the value func-
tion V;(Sp).
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By the results of section 3, the quasi-variational inequalities associated with
the impulse control problem are given by

u>Mu,Lu >0,
(u — Mu)Lu =0,
u(lp,s, T)=p.s

We shall attempt to solve the above implicit obstacle problem by the usual
method of “iterating upon the obstacle”. (see e.g. Eastham and Hastings [10]). We
choose u( as the solution of the following:

Luo = O,
up(p,s, T) = p.s.
Define u;,i =1,2.3,...by

Lu; <0,u; > u;_q,
(Lui)(u; —Mu;—1) =0,
u;(p,s, T) =p.s.

It is easy to see that

uo(p, s, 1) = poso exp(uo(T — 1)) + p1si exp(u(T — 1)).

We shall now prove a lemma that will be used in the proof of the main
proposition.

Lemma 4.1.

S—pB—A — A
Muo(p. s. 1) = (Of(P S) — B — Api1s1 — Ao poSo

I —A

>eXP(M1(T —1))

if a(p.s) — B < p1s1 + Aoposo,

_ (o(p-s) — B — pisi — AopoSo
1—2Xp

if a(p.s) — B > pisi + Aoposo, t = To

_ (oe(p.s) — B+ Ap1si — AoPoSo
B 1—x

ifa(p.s) — B = pisi +Aoposo, t < Tp

) exp(uo(T — 1)) + p1siexp(u (T — 1))

)exp(ul(T —1)

4 1+
where 7o = T — (u; — o)~ log
1— X

Proof:

uo = poso exp(po(T — 1)) + prsiexp(ui(T — 1))

Muo(p,s,t) = sup uo(p,s’, 1).
s'eK(p,s)
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If we define
K(p,s)={s' € R} :ps' < ap.s— B — hopolso — 55| — Apilsi — i1},
it is easy to see that since u(-) is a linear function of s,

Muo(p,s, 1) = sup uo(p,s’, 7).
s'eK(p,s)

Further, since K (p, s) is a convex set, the supremum above is attained at its
extreme points. The three feasible extreme points are easily seen to satisfy

ps = (0 ap.s — B — Aoposo + Apisi

o ) if ap.s — B > p1s1 + Aoposo,

S—pB—A —A
ps = (O, op p : _OI:)SO p151>’ if ap.s— < p1s1 + Aoposo,
b = ap.s — B — AopoSo — P15 P
. T+ 7 > P151 ) -

Comparing the values of u(-) at these extreme points, we easily obtain the
result of the lemma.
We shall now prove the main proposition of the section.

Proposition 4.1. The optimal trading policy involves at most one transaction in
[0,T),ie u=u;.

Proof: We shall prove the assertion by first constructing a supersolution i to the
quasi-variational inequalities associated with the impulse control problem. Define

i=ugift > Ty
__(P-s+Apisi — Aoposo
1+ A

) exp(ui (T —1))if t < Tp.

Using arguments similar to those used in the proof of the previous lemma, we can
show that Mii = Muy.
We shall now prove that it > Mii.

Fort > Ty, i = uo = poso exp(uo(T — 1)) + pisi exp(ui(T — 1))
Fort > Ty and ap.s — B = pis1 + Aoposo
Ss—pB— —A
Mi(p. s. 1) = (Olp B — p1s1 — Aoposo
1— 2
+ pisy1exp(ui (T — 1))]

Clearly, # > Mu in this case.

) exp(uo(T — 1))

Fort > Ty and ap.s — B < pi1s1 + AoposSo
ap.s — B — ApiS1 — Ao posS
Mi(p. s. 1) = ( pP-s — B — Ap1s1 — AopoSo

— ) exp(ui(T — 1)),
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u# > Mu in this case since

(ap.s — B) exp(ui(T — 1)) < (p15s1 + Xoposo) exp(u (T — 1))
< (p1s1 + Aoposo) exp(ui (T — 1)) + (1 — A) exp(uo(T — 1)).

Fort < Ty and ap.s — B > pi1s1 + AoPoso

S — A — A
Mip, s, 1) = (CRS =P T APIS = Joposo) o (7 — ) and
14+ X
_ P-S + Ap1s1 — AoPoSo
— T —1)).
Z ( e )eXp(m( )

Clearly # > M in this case.
Fort < Ty and ap.s — B < p1s;

ap.s — B — Ap1s1 — Aoposo
1+ A

Mi(p, s, 1) = ( )exp(m(T — ).

i > Mu in this case since
2A(p1s1 + Aoposo) = 2A(ap.s — B).

Next we see that Lz < 0 except at ¢+ = T where it is undefined. However an
application of Ito’s lemma and the continuity of & at 7y imply that

E[u(P(12), s, 1o) — u(P(1y),s,71) <0,

where 1) < 1, < T are stopping times. We can now use the result of Proposition
3.3 to conclude that i > u; where u; is the value function corresponding to control
policies allowing at most one intervention in [0, T).

Since the operator M is monotone, Mii > Mu; > Muy. It follows that Mu; =
Mu. From the definition of u,, it therefore satisfies

uy > Muy, Lu; <0,
(w1 —Muy), Lu; =0,
ui(p,s, T) =p.s.

Since the control policy generated by u; is clearly admissible, u is the value
function of the impulse control problem. This completes the proof of the proposition.

Remark: It is important to realize that the result of the proposition is true for
arbitrary « € (0, 1], Ag, A € (0, 1). In particular, it is true for « = 1 and Ay > X}
which is the situation where proportional transaction costs in the bond exceed those
in the stock. Further, the optimal policy in the frictionless case of transferring all
wealth to the stock immediately is not the optimal policy in the problem with
transaction costs, in general.
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4.4. Numerical Calculation of the Option Price

The results of the previous subsection reduce the stochastic impulse control
problem for calculating the option price to an optimal stopping problem since the
optimal trading policy requires at most one intervention in [0, T"). This problem
can be solved by solving the following system of variational inequalities:

u; > Mug,Lu; <0,
(1 — Mug), Lu; =0,
u(p,s, T)=p.s.

where uo(p, s, t) = poso exp(uo(T — 1)) + pi1siexp(ui(T — t)) and Muy is as ob-
tained in Lemma 4.1. The price of the European option can then be obtained in
terms of u; as follows:

p1 = inf{Sy : ui(p, So, S1,1) > 0} with §; =0
and

pw = Inf{Sp : u1(p, So, S1,¢) = 8} with §; =0
where

§ = Ep[n(Pi(T)].

In the presence of short-selling constraints, it is easy to see that p; = 0.
Therefore the price of the European option is py,.

The system of variational inequalities may be numerically solved by the well-
known Markov Chain Approximation technique and the numerical solutions may
be shown to converge to the value function of the original optimal stopping problem
as the approximation parameter goes to zero. (see Kushner and Dupuis [17]).

We implemented the Markov Chain Approximation technique to calculate the
price of an ordinary European call option on the stock for the linear utility function
in the presence of general transaction costs and short-selling constraints. The results
are shown in the figure titled ‘Option Price for Linear Utility Function’. The bold
curve represents the option price for the linear utility function in the presence of
short-selling prohibitions and transaction costs and the light curve represents the
Black-Scholes price. We notice that the option price is always greater than the
Black-Scholes price as expected.

5. OPTION PRICING FOR GENERAL UTILITY FUNCTIONS

In this section, we shall investigate the option pricing problem when the
investor’s utility function is more general.

Let I' be the set of all trading strategies for the investor over the time horizon
in the presence of short-selling prohibitions and in the absence of any transaction
costs. Throughout this section, we shall assume that the investor’s utility function
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Figure 1. Option price for linear utility function.

U is a continuous, concave, monotonic increasing function such that (2.3) and (2.4)
have solutions with respect to I'. Therefore,

sup E[UP.S™(T))] = iu(p,s,t) < o0 (5.1)
rwel(p,s,t)

lS}(lp )E[U(P-S”(T) — n(Pi(T))] = v(p,s, 1) < o0 (5.2)
wel(p,s.t

Let T be the set of trading strategies for the investor in the presence of
short-selling prohibitions and strictly positive transaction costs. By the result of
Proposition 3.1 it is enough to restrict I'’ to the set of trading strategies involving
only a finite number of trades almost surely over the time horizon.

Define
u(p,s,t) = sup E[UM®T).S™(T))],
mel’(p,s,t)
ui(p,s,t)= sup E[UMT).S™(T))],
welj(p.s.t)

w(p,s, 1) = ﬁlgp )E[U(P(T)-S”(T) — n(Pi(T))],
mwel’(p,s,t
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w;(p,s,t) = sup E[UMPT).S™(T) — n(Pi(T)))],
welj(p.s,1)

where I, C I' consists of those strategies involving at most i trades over the time
horizon. Clearly, u; < u;+1 < u, w; < w;4+; < w. Further, the value functions u,
u;, w and w; exist since (5.1) and (5.2) hold.

Recall our standing assumption that

E[JU(=n(PU(T)|] =& < oo. (5.3)

Proposition 5.1.  If the functions u, u;, w, w; are as defined above then
lim u;(p, s, t) = u(p, s, t). for every p, s, t
1—> 00

lim w;(p, s, t) = w(p, s, t). for every p, s, t
1—> 00

Proof:

Part 1: lim;, . u; = u

Since u;(.) < u;11(.) < u for each i, lim; _, o u;(p, s, t) = v(p, s, t) exist for
each p,s,t and v(.) < u(.). We need to show that v(.) = u(.).

Suppose 3(p, s, 1)[v(p, s, 1) < u(p, s, 1).

Since u(p, s, t) = SUD; e/ (p.s.1) E[U®P(T).S™(T)], givenany ¢ > 0, 7* € I'" such
that

E[UP(T).S™ (T)] = u(p,s, 1) —¢.
Since ¢ is arbitrary, we can choose it so that v(p, s, t) < u(p, s, t) — €. Therefore
v(p, s, 1) < E[UP(T).S™ (T))].

The number of interventions implied by 7 * is almost surely finite in [0, T']. Let w;
be the policy that agrees with 7* up through the jth intervention, then intervenes
no more. Let S;(7) be the terminal share process for the policy w;. Let

R=UP(T).S™ (T)) and R; = UP(T).S;(T)).

Then, since w; € l";., E[R;] < uj. Therefore,
E[U(P(T).S™ (T)] — u;(.s.1) < E[R — R;]

If (#;) are the trading instants corresponding to policy 7 *,
kll)rgo t > T a.s.

since v* involves only a finite number of transactions almost surely. Therefore

lim R—R; =0as

j—o00
Further, |[R — R;| < |R|+|R;j| =R+ R; since R > Oand R; > 0.If u(p, s, 1) is
as defined in (5.1), we see that

E[R + R;] < 2i(p, s, t) < oo.
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By the dominated convergence theorem, lim;_, . E[R — R;] = 0. Therefore

lim E[R]—uj(p,s,t) = E[R] —v(p,s, 1) < 0.

J—)OO
Therefore,
v(p,s,t) > E[R] = Eps,UP(T).S™ (T))

which is a contradiction by the choice of 7 *.
Therefore u(p, s, t) = v(p, s, t).
Therefore lim; oo u; = u

Part 2: lim; _, o w; = w

The proof of this assertion follows along the lines of the proof of Part 1 if we
make use of assumption (5.3).

This completes the proof of the proposition.

Remark: The result of the above proposition does not follow trivially from the
standard approximation procedure in the theory of impulse control since that pro-
cedure assumes that the /imit function is sufficiently regular which is not true, in
general, in this case.

The above proposition tells us that we can approximate the value functions
u and w required to solve the option pricing problem in terms of the sequences
of value functions u;, w; to simpler problems. In fact, it is well known that the
functions u;, w; are successively obtained by the following general procedure: u
is the solution to

Luo = 0,
uo(p,s, T) = U((p-s)).
Fori > 1, u;, is the solution to

u;j > Mu;_1,Lu; <0,
(u;j —Mu;_1)Lu; =0,
u;(p,s, T) =p.s

Similar assertions hold for the w;’s with p.s — n(P;(T)) replacing p.s.

Each successive stage in the above procedure is an optimal stopping problem.
The systems of variational inequalities above can be solved numerically by stan-
dard Markov Chain Approximation techniques as described in [17]. Further, these
numerical approximations can be shown to converge to the required value functions
as the approximation parameter goes to zero.

Unfortunately, the numerical procedure above is computationally intensive
since the optimal trading policy for a general utility function might require a
large number of transactions over the time horizon so that we would need to iterate
the procedure above several times to obtain a reasonable approximation to the value
function.
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We have implemented this procedure to calculate the option prices for the
class of exponential utility functions.

Option Pricing for Exponential Utility Functions

The general exponential utility function is of the form
U,(x) =1—exp(—yx),

where 0 < y < o0. Since these functions are bounded above for all y, it is easy to
see that (5.1) and (5.2) have solutions for any set of admissible trading strategies.
Hence, the result of Proposition 5.1 holds and the option price can be obtained in
terms of the solutions to the associated optimal stopping problems.

As before, in the following, we shall consider the set of admissible trading
strategies I'’ with short-selling prohibitions and transaction costs. In this case, it is
easy to see that the option price is given by

p, = inf{ So : sup E[U, (P(T).S™(T) — n(Py(T))] > 0}

el

where the trading strategies start out with Sy shares of the risk-free asset.
Let p;, be the hedging price of the option in the market as defined in section 3.
Let p be the option price for the linear utility function obtained in section 4.

Proposition 5.2. p, < p, forO <y <oocand p < p, for1 <y < o0.

Proof: The first assertion follows from the result of Proposition 3.6.

It remains to prove that p < p, for1 <y < o0
This assertion follows immediately from the fact that U, (x) < x for 1 <y < o0
and therefore

sup E[UV(P(T)-S”(T) — n(P(T))) < sup E[((T).S™(T) — n(Pl(T))]-

wel” zel’

This completes the proof.

We have implemented the numerical approximation procedure to calculate
the option price for the class of exponential utility functions. The approximations
are crude due to the lack of computational power at our disposal. The results are
indicated in the figure titled ‘Option Price for Exponential Utility Function’. We
have chosen the utility function U(x) = 1 — exp(—0.5x). The bold curve represents
the option price in the presence of transaction costs and short-selling prohibitions
and the light curve represents the Black-Scholes price. The option price is always
greater than the Black-Scholes price as expected.



242 SUBRAMANIAN

4 T T T T T T T T T
35 4
alpha = 0.995
3l beta =0.01
lambda =0.01
251 Iambda0 =0 4
time horizon =3
2F _
1.5F E
black-scholes price
option price
1k 4
051 b
0 1 1 1 1 1 1 1
0 0.5 1 1.5 2 25 3 35 4 4.5 5

initial stock price

Figure 2. Option price for exponential utility function.

Option Pricing for Linear-Power Utility Functions

We now consider the class of utility functions U, (.) defined as follows:

Ur(x) =x,x <1,

Ux)=x",x>1

where 0 <r < 1.
We see that U,(.) is continuous for each r. Further, U,(-) is nondecreasing
in r and

liml U(x)=Ui(x) = x.

By the results of the previous section, we know that the option price p for
the linear utility function in the presence of transaction costs and short-selling
prohibitions exists and is finite. If p, is the option price for the utility function U, (-)
in the presence of general transaction costs and short-selling prohibitions, the result
of Proposition 2.2 tells us that p, decreases with r and

lim p, = p
r—1
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Therefore, the option price for the linear utility function obtained in the pre-
vious section is a good approximation to the option price for a utility function U,(.)
for values of r sufficiently close to 1.

It is easy to see that the hypotheses of Proposition 5.1 are satisfied for each
utility function U, (.) and for an option satisfying

E[IU(=n(Pi(T))|] = E[n(P(T))] < oo.

Therefore, the result of the proposition holds and the option price can be
obtained in terms of the sequence of associated optimal stopping problems.

6. CONCLUSIONS AND EXTENSIONS

In this paper, we have investigated the problem of European Option Pricing
in the presence of short-selling prohibitions and general transaction costs. We in-
troduced, for the first time, a generalized definition of the option price (extending
the definition of Davis et al. [8]) which reduces to the Black-Scholes price in the
absence of market frictions and provides a suitable relaxation of the Black-Scholes
price in the presence of market frictions. We then carried out a detailed investigation
of the option pricing problem for an investor with a linear utility function in the
presence of short-selling prohibitions and general transaction costs and explicitly
characterized the optimal policies thereby reducing the problem to an optimal stop-
ping problem. We then investigated the option pricing problem for an investor with
a general utility function and proved that the price can be expressed in terms of the
solutions to a sequence of optimal stopping problems. This inspired a numerical
approximation procedure suitable for calculating the option price which we im-
plemented to calculate the option price for an investor with an exponential utility
function. Finally, we carried out qualitative investigations of the option prices for
investors with exponential and linear-power utility functions.

The results of the paper can be easily extended to the situation where the
numbers of shares of the bond and stock that can be sold short are nonzero and
bounded. In the notation of the paper, we can therefore define the share-holdings
constraint set B as

B = [—By, 00) x [—B;j, 00) with 0 < By, B < o©

Most of the major results of the paper can be easily shown to hold in this
setting. For an investor with a linear utility function, a solution to the optimization
problems exists and therefore arguments similar to those presented in Section 4 can
be used to prove that the optimal policies involve at most one transaction over the
time horizon thus facilitating an elementary calculation of the option price. The
approximation theorem proved in Section 5 is independent of the choice of the
constraint set and is therefore also true in this setting.

An extension which would require different techniques is the situation where
the market coefficients are random and progressively measurable with respect to
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the filtration. Dynamic programming techniques can no longer be employed and
one would have to resort to general martingale techniques. This is the subject of
ongoing research.
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