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Heavy Tailed Hidden Semi-Markov Models
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Abstract

Hidden semi-Markov models have been propesed in Meier-Hellstern et al (1991) to
model the times between transmission of packets at a source. In this paper, we
specifically investigate such models where the distributions associated with one or
more of the states are heavy-tailed. We study the asymptotic properties of the
sample covariance and correlation functions and show that the correlation function at
nonzero lags is asymptotically equal £o zero. Behavior of the sample autocorrelation
function (acf) for a simulated five state semi-Markov model is contrasted with the
behavior of the sample acf for a real data set in order to infer that the real data
cannot be modeled by a hidden semi-Markov scheme.

1 Introduction.

Hidden semi-Markov models have often been used in speech recognition and computational
biology; see Krogh et al (1994) and Juang and Rabiner (1991) for reviews. Such models
have also often been proposed in the teletraffic literature. In the heavy tailed context, they
were recently used by Meier-Hellstern et al {1991) to model the times between transmission
of packets at a source. In the process of fitting these models to the data, it was observed
that the distributions associated with one or more of the states of the model were heavy-
tailed.

In this paper, we investigate hidden semi-Markov models where the distributions asso-
ciated with one or more of the states are heavy-tailed. Our goal is to study the asymptotic
properties of the sample covariance and autocorrelation function (acf) which are important
for parameter estimation and fitting of actual data to such models. We use poiiit process
techniques to show that the sample correlation function at nonzero lags is asymptotically
equal to zero. '
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The plan of the paper is as follows: In Section 2, we give a detailed description of the
model and construct a stationary version. In Section 3, we prove several convergence results
for point processes associated with the model with the aim of studying the asymptotic
properties of the sample covariance and correlation functions. In Section 4, we prove
the major result of the paper, that the sample correlation function at nonzero lags is
asymptotically equal to zero. In Section 5, we offer some numerical illustrations and some
concluding remarks.

The reason for the interest in the sample autocorrelation function is the following.
Examination of heavy tailed data frequently reveals the characteristic that the acf plots
for different subsets of the data do not ook similar. Some examples are given in Resnick
(1997). Various explanations for this phenomenon are possible: maybe the data exhibits
lack of stationarity or maybe the underlying model is non-linear. The following plot, from
Davis and Resnick (1996) shows an extreme case: Plots of the acf from independent samples
of the same stationary nonlinear process look completely different.

Subset analysis of the acf of a data set is often sufficient to rule out the iid or linear
time series models as candidate models for fitting to the data. We were curious to see if
the hidden Markov model was a possibility and hence set out to investigate the asymptotic
behavior of the sample acf. Unfortunately our results rule out hidden Markov models as
well since the behavior of the acf for such models is asymptotically the same as for the iid
model. Unless one gives up finite mean sojourn times {and thus it is likely one must also
give up stationarity) such models will be difficult to fit to data whose sample acf fails to
exhibit subset stability. This point is further illustrated in Section 5.

2 The model.

Let {J,.,n > 0} be an ergodic Markov chain with state space {1,...,p}. Let the transition
probability matrix of this chain be P = {p;;,1 < i,j < p} and the stationary distribution
be ' = (m,...,m). Suppose for i = 1,...,p we are given holding time distributions
{q,gi)} concentrating on {1,2,...} and that for i = 1,...,p, {D,(:},n > 0} are iid with
common distribution {q,gf )} and further, E[qﬁf)] = 7; < oo. The sequences

{DPyi=1,....p}

are independent. Define the semi-Markov chain {V,,n > 0} by

Vi =Jo, 0 < < DEP,
= Jy, if DY < 5 < D™ + DY,
— Jz, lf D[g]“) +D§_J1} SJ < D[()Jn] +D§_Jl) +ng2],

Thus

Vi= ;_; Tilges pgjext , by
The observable process {X,,} consists of random elements of Ry defined on {V,,} such
that the conditional distribution of X, given the state of ¥, is ¢ is F;. More precisely, given

distributions Fy,... , F, on R, and iid uniform random variables with support [0, 1] which
we call {U,,n > 0}, we then define for n > 0
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X = Fy (Ua)

and assume {U,}, {7}, {D¥ n > 0,1 < i < p} are all independent.

Thus, changes of state follow the Markov chain {.J,} and a transition from ¢ to j occurs
with probability p;;, Having entered state ¢, the system stays in state ¢ for k£ time units
with probability q,(:). While the V-process is in state ¢, random variables are generated
from a distribution F;.

One or more of the distributions F; may be heavy-tailed. We assume that F; has the
heaviest tail with index of regular variation o. Thus

lim (1 - Fy(t2))/(1 - Fr{t) = (2.1
an Cl

lim (1= F(0)/ (1= B®) =0, j=2....p. (22)
For a distribution function G, we will abbreviate the tail function by G := 1 - G.
The above is the definition of a basic hidden semi-Markov model. However, the model,
as we have defined it, is not stationary. Note that if {V,,} is stationary, then so is {X,}
since

PIX;<wj j=0,... . k=E (HFV:'(w))'
=6

Since the holding time distributions {g®} have finite expectations, it follows that the
semi-Markov process {V;,} has a stationary distribution {v;} with

P
v; = mtif E Ty
=1

and where {1;} is also the asymptotic distribution of {V,}. Since time series modeling is
usually done with stationary models we shall modify the definition of the model so that
the process {V,,} is stationary and therefore, {X,,} is stationary. This construction can be
carried out following the procedure described by Cinlar {1969).

Choose V¥ such that

PV =1 =v;

If A, A;-k are the semi-Markov matrices associated with the delayed semi-Markov
process {V,,}, following Cinlar (1969}, choose

() = (1) S [Aje ~ A (9]
i=0

where

Aj = Ajp(400)

In this paper, we shall assume that the underlying semi-Markov process {V,.} is sta-
tionary and therefore the hidden semi-Markov model {X,.} is stationary.

|
|
|
|
|
|
|
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3 Point processes associated with the model.

In this section, we use point process techniques to prove a theorem that enables us to study
the asymptotic properties of the sample correlation function in the next section.
Let {X,.} be the stationary process defined in Section 2 and define

P

a, = inf{z: Z vFi(z) >n '}

i=1

so that
r

- 1
Z viF{an) ~ -

=1

Furthermore we have
nPla; X1 €] 5 A() (3.1)

on {0, 00} where A is a measure on (0, 00| such that A{z, o0] = £~ and the convergence
above Is in the vague topology on the space of Radon measures on {0, 0c]. To verify (3.1),
use the definition of {X,.} to get

P
nP[X; > anz] = »_ nP[X1>a.a{Vi =PV = 1]

~ D nFian) /(3 wFan)

Dividing numerator and denominator by Fi(a,) and using equations (2.1) and {2.2) we
easily see that

lim nP[X; > apz] =27

T 00

which suffices for (3.1). 0
We need a result about the frequency of visits to each state.

Lemma 1 Let N,(j) be the number of “wisits” to state j by the semi-Markov chain up to
time n so that

N.() = Z L=
=1

Then we have

lim N9 /n = ;.

n—roo

Proof. The proof is almost exactly as in Resnick and Stiricd (1996). The semi-Markov
process {V;} changes states at times {5,} where

— i
Su=Y_ DU
=0
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Let p,(7) be the number of “visits” to state j by the underlying Markov chain {J,}. As
n — 0o, we have

P #alk)

SufnZ(1fn) ¥ > D¥

k=1 i=1
P Balk)

= Z Z D(k]/p,n ()] (B)/n] — ZED(k)wk

k=1 =1
P
= Z TeMg
k=1

Now define the process inverse to {S,} as
M(t) =sup{n: S, <t}

so that as ¢t — oo
P
M)/t — 1/(2 TRTE).
k=%

Note that M (%) represents the number of changes of state up to time . Now

Mz)+1
No(k) /< (1/n) > (Sy = Sp1) 1,0
g=1
p #(M(n)u)(k]
= (1/n) Z D
#cwcnm)(’“

= Z D [ty Bfaaay s/ (M () + 1) (M) + 1) /)

— T/ E T
i=1

A lower bound is obtained similarly and this completes the proof. O
For what follows, for a nice metric space E, we define AM,(E) to be the Radon peint
measures on [E, topologized by the vague topology. A point measure is represented by

E €x;
i

where ; € E. A Poisson process with mean measure A on E will be denoted PRM(}).
We now consider point processes based on the observed process {X,,}.

Proposition 1 For the stationary process {X,.} defined in Section 2,
> e, ix, = PRM())
1

in M,({0, sc]}.

Proof. We show the convergence in the space of point measures by proving that the

corresponding Laplace functionals converge. Therefore, we need to show that for f €
N AN
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G(f) = Boxp(= 3 JU5 /) espl- [ (1-eml—f@En) (32

Let N,{j) be the number of “visits” to state j by the semi-Markov chain up to time n.
Then

U,(f) = E(B(exp{- Zf ilan) Voo, Vi)
=E H{f oy RS (<)) Fi{andz)) ™V
B 1_e—f('-"))nFj(and$) nNa {j)/n
- EH (1 /w )] n )

In the previous Lemma 1, we have shown that

lim NG)/n =1,

where {;} is the stationary distribution for the semi-Markov chain. For j = 2,...,p
lim nF;{a,dz) =0
100

and

rllﬁi‘r)r.}q'nf*"l(aﬂdx) = {1/} A(d=).

ﬁ( f 1—e—ﬂm))nFj(andz))"'N"U””
0,00} T

j=1

- Hexp{—f (1— e ) lim nF;(a,dz) 1{.,}
j=1 (0,20

00

Therefore,

— exp{~ /wmlu — exp(—f(z)))A\(dz)}.

We can now apply the dominated convergence theorem to conclude
W(f) el [ (- e )
0,00)

This completes the proof of the proposition. s
Qur methods require the following definition of a new sequence {Y . }:

Yk: = (Xi'r; s 1XR:—m+1)

for £ > 1 and fixed m > 1. The sequence {Y,} is conditionally m-dependent given the
sequence {V,}.
We now define two new processes:
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where &;: € R™ is the basis element with ith component equal to 1 and the rest equal to
zero. Let E = (J0,00]™ \ {{0,... ,0)}). Let S be the collection of all sets B of the form

B =[b,c] X X [Busy Gl

where [b1, c1] X ... X [by, €] Is bounded away from (0,...,0), b < ¢;, bg 2> 0. It is easy to
see that either J[-, [, ¢;] does not intersect any axis; that is,

(C1) [bl,cl] X one X by, cm]ﬂ{yé,; cyeR:}=0, fori=1,...,m
or TI,[5:, ¢] intersects exactly one, say the i**; that is

for j =14,

(C2) b1, 1] X« X [, el ({065 y €RYY = { ([;’:"C"]’ for i

In (C2), b; = 0 < ¢; and for j # ¢ we have b; > 0.
We now give some properties of [, and I.

Lemma 2 We have
P[I(@B)=0]=1

forallBe S.

Proof. If B satisfies (C'1) , the assertion is trivial since I has all its points on the axes.
If B satisfies (C2),

I(8B) < szjk({biaci}) =0
=1
as. since the mean measure of Y ;. is atomless. O
Lemma 3 (o} If B € S satisfies (C1), then
P[I(B) = 0] = | and EL{(B) o
(6) If B € S satisfies (C2),
P[I(B) = 0] = exp{—A([bs, il) }
and
E(L.(B)) = A([bs, c])-

Proof. {a) Let
Y is P[‘/m = im'p ey I/_'l = 11]

We have
EIL(B)Y = nP(e; X € [br,c1), - - 1070 X1 € by C))

=n Z P(ﬂ[ﬂ,j‘Xm-jH € b5, ¢i]l|lVin = iy Vi =),

i j=1

= Z F‘i.,. {a'n{bla Cl]) LR Fi; (a'n[bmy Cm])-Vi,,,....:il'

y o
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Since B has empty intersection with the coordinate axes and the inner summation is finite,

the above goes to zero as n — oo,
(b) We have

nd the rest equal to

HEAVY TAILED HIDDEN SEMI-MARKOV MODELS 327
ets B of the form ‘

EIH(B) = nP[Cl'-,EIXk € [b]_., C]_]., s ,a;:le_m+1 = [bm.) Cm]]
By > 0. It is easy to n |
= nP(ﬂ[a;le,Hl € b, iV = s« V1 = 010y |

1=1
,m = _Z. By, (alby, c1]) - . Fiyy(@n[bm, Cm]) i, -
o Since b; = 0 < ¢; for j # 4, Fi (aa[b;, ¢;]) = 1 as n = oo for j # i. Therefore, |
jAi E(1,(B)) ~ P[Vi = Fi(au[bi, )/ (4 Fi(an))
and so
E(I.(B)) = Albs, ¢ |
This completes the proof of the lemma. ] |

Proposition 2 Let I, = Y5 1 Sory €antyecy- Lhen

| .
s points on the axes. I L(BY-1.(B)=0
l ) forall BES.
‘ Proof. We can assume, without loss of generality, that B = [by,¢1] X -« x [Brms Cm]- If ‘
B satisfies (C'1), EI,(B) — 0 and I,(B) = 0 which proves the result in this case.
. { Suppose B satisfies (C'2). Then b; = 0 for j # ¢ and b; > 0. Write
: i3 n |
E L(B) =3 ey (B) + D vy (B): (3.3)
4 k=1 k=i f
|
| By stationarity of the process {X,}, the expectation of the first term is bounded above by
(i — 1).Pla;tX; € [b;, ¢} which tends to zero as n — oo since b; > 0. This expresses |
In(B) = o,(1) + 10(B) ?
and it suffices to show
By - (B 5o (3.4)
The second term, I{"(B) in (3.3) can be bounded above by
n—i+l n .
/ z €(a;lx,-([bi:ci]) < Zea;‘xj([birci]) = I,(B).
=1 i=1
Also
L= A EIL(B) = 3 Pla'X; € Buci]
i=1
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= nP(a;le e [b.i,(_‘,'])
= A[bi, )

from (3.1). We thus conclude that
0<L(B) —L{B) 3o

and therefore,
LB —1NB) So

as required. This completes the proof of the proposition. d

Proposition 3 We have

T oo m
Z Elaziy,) = Z Z EFeés)
k=1 k=1 i=1

in Mp(E), where E := [0,00]™ \ {0} and {(jx) : k = 1} are the points of a PRM(}) o
(0, 00].
Proof. By the result of the previous Proposition 2, it clearly suffices to show that

n m

L=2.2 ctvia ﬁZZ%

k=1 i=1 k=1 =1

By the result of Lemma 2

T

X
E 6{::1}(*:} E €4
k=1

k=1

in M,[(0, o0]]. Further, the mapping

o0 20 . fo e} e
Eyy P E Cop.arrr s E E{ve tm = E E Cuy.é;

k=1 k=1 k=1 i=1

is continuous from M,,({0, cc]) into M,(E). By the continuous mapping theorem, it follows
that

o0 i

L= Z Z €(jx.di)

k=1 i=1

This completes the proof of the proposition. O

4 Asymptotic properties of sample correlation func-
tion.

This section concentrates on describing the asymptotic behavior of the sample autocorre-

lation function (acf) for the heavy tailed hidden Markov model. The classical sample acf
is defined in time series analysis as
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oot (X — X)X — X)

ﬁ(h)z E?_le b h'=0711“"

In heavy tail analysis where neither variances nor means are guaranteed to emst there is
little point to centering by means of X and so we define
-
ey XeXosn
Y Xt

. |
See Davis and Resnick (1985, 1986) |
From the Proposition 3, we have !

ﬁH(h): h.=0,1,....

m

v, = DL D G (4.1)
k=1

=1 =1

N

Let v > 0, and for each integer A, 0 < h < m — 1, define the mapping
By My(E) o R

by
@hy (D Clueprtiom 1)) = D W0 g gl>y OF e al>] (4.2)
k=1 k=1

The map @y, is a.s. continuous relative to the limit point process in (4.1). Therefore, by
the continuous mapping theorem,

((I)h"f(zsﬂﬁl(xk-----X::_m.H))’ h = 0, e TR — ].)

= (0»;22 XeXe—nlyxi>any OF [Xeslpean) =0, 1,0 ym — 1)
k=1

converges in distribution in {0, co]™ to the random variable whose components are

T

for h > 0

@h ( € ,.‘ = ’ |
! ZZ " {ZL 13k1[|}k£>'¥]= for A =0, |

|

k=1 ¥=1

where {jZ,k > 1) are the points of a PRM(}} on (0, 0] with Mdz) = /2 Ya/2)dz.
As ¥ — 0, the limit random variable approaches Y4, j£ for h = 0 and equals zero for
h>0.

Lemma 4 For anyn >0, if 0 < a < 2, then

hm lim sup P[an 1 Z X;er_hl (X e Sanvs| Xe—nlSany] | > ?’]] =0
n—o0 —

Proof. The probability in the hypothesis of the lemma is bounded ahove by

(n/ (@M B[ Xk Ly, jcawm Xa-nl e _al<anm]

By the Cauchy-Schwartz inequality, the above has an upper bound
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Figure 2: Time series plot.
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By stationarity, the above equals (n/{an))EX?1|x,<a.y- From (3.1}, X; has regularly
varying tail probabilities. If 0 < @ < 2, the result follows from Karamata’s Theorem. O
Now for the result about the sample acf.

Proposition 4 Assume 0 < o < 2. Then we have

n-I
. XX,
(Pu(D),l=1,...,m) = (§ jm}l—‘—;?lzl,...m) = (0,...,0).

=1 t==1 ‘-1

Thus the sample correlation function at nonzero lags is asymptotically equal to zero.
This is the same behavior exhibited by the sample acf of heavy tailed iid sequences.

Proof. Using the result of the previous Lemma 4, we can apply Thecrem 4.2 in Billings-
ley (1968) to conclude that

a;? (ZXE,Z)QXH,..,thxt_mﬂ) = (ng,o,. . ,o) )
t=1 t=1 =1 Fe1

Again, by the continuous mapping theorem, it follows that

(Z XiXoodf D XE Y XeXimar] D XtXa_mH) = (0,...,0).
i=1 t=1 t=1 t=1

This completes the proof of the proposition. a

5 Concluding remarks.

To illustrate the results, we simulated a five state semi-Markov process with transition
matrix

|
|
|
l
|
|
|
|
|
|
|

T
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The holding times in each state have discrete Pareto distributions with exponents 1.3, 1.4,
1.5, 1.6, 1.7 and the F;’s were Pareto distributions with parameters 0.7, 0.9, 1.3, 1.5, 1.8.
The realization of the resulting time series {X,,n > 1} is of length 2182 and is labeled
SMP. The time series plot of SMP is given in Figure 2.
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A popular estimator of tail heaviness is the Hill estimator and we were curious to see
how this estimator performed on our data. Usually the Hill estimator is quite accurate
for Pareto data and the question arose: How accurate would it be for data produced by
the mixture method induced by the semi-Markov process. The results are satisfactory
although one must push the Hill estimator using smoothing and alternate plotting. The
Hill estimator is obtained by first computing the order statistics of the data

Xy z2Xg > > X

and defining

Kkt

k
1 Xg)
Hyn = P ,:E=1 log (—)

where & is the number of order statistics used in estimation. The estimate of o is Hy 1 The
way estimation is done in practice is to make a Hill plot of {{k, H;}),1 < k < n}. Resnick
and Staricd {1997) recommend using a supplementary plot, called the alt-plot, where one
plots

{(0, H )0 <0 <1}

R

and also smoothing. The Hill plot is given in four views in Figure 3. Considering the
correct answer is 0.7, the ordinary Hill plot is not overly revealing. However, the alt plot
and the smoothed alt plot come quite close to the known value of 0.7.

Figure 4 gives the sample acf of the simulated data. The values for 20 lags are quite
small, with the biggest being 0.0204. Note the vertical scale extends from 0 to 0.02.

Next, consider a time series, called SILENCE, of length 1027 shown in Figure 5 which
represents the off periods between transmission of packets generated by a terminal during
a session. The left graph in Figure 5 is the time series plot and the right graph is the static
qqg-plot using 500 upper order statistics giving ample evidence of heavy tails. The estimate
of @ given by this plot is 0.6696 and the Hill estimator (not shown) gives & ~ .64 so that
for this distribution the mean is infinite.

For the last graph, we split the data set into thirds and graphed the acf for each piece
separately. The pictures are obviously quite different. The strong suspicion is that if this
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data could be modeled by a hidden Markov model, the acf pictures would look almost
identical so we have rejected the hidden Markov model as a candidate.
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